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Abstract
Nanofiltra)on	(NF)	using	membranes	with	numerous	nanopores	has	gained	its	popularity	
in	water	 treatment	 like	desalina)on.	Overlapped	electric	double	 layer	 (EDL)	 in	 charged	
nanopores	makes	 the	membrane	 to	 be	 ion	 selec)ve	 and	 reach	 high	 rejec)on	 rate	 for	
salts	when	driving	electrolyte	through	nanopores	by	pressure.	 It	has	 its	advantage	over	
reverse	osmosis	(RO)	with	smaller	pressure	exerted	and	larger	water	throughput.	Here	a	
charged	 nanopore	 model	 under	 axisymmetric	 configura)on	 is	 used	 to	 describe	 the	
physics	 and	 geometry	 of	 NF.	 Since	 the	 salt	 rejec)on	 process	 involves	 convec)on,	
diffusion	and	electro-migra)on	of	ions,	joint	of	Poisson-Nernst-Planck	(PNP)	and	Navier-
Stokes	 (NS)	 equa)ons,	 derived	 from	first	 principle,	 is	 employed	 to	 study	 this	 problem.	
Steric	 effect	would	be	 significant	 inside	nanopores,	 and	a	modified	model	 of	 PNP	with	
steric	effect	considered	is	actually	used	here.	The	computa)onal	results	were	compared	
with	tradi)onal	1D	DSPM-DE	model	(Donnan	Steric	Pore	Model-Dielectric	Exclusion),	and	
the	agreement	is	quite	sa)sfactory	with	the	parameter	describing	steric	effect	being	the	
only	 fiQng	 parameter.	 	 From	 the	 results	 of	 our	 current	model,	 both	 steric	 effect	 and	
dielectric	 exclusion	 contribute	 significantly	 to	 the	 salt	 rejec)on,	 and	 the	 detailed	
mechanism	can	be	well	observed	and	explained.		
	
Keywords:	Desalina)on,	Nanofiltra)on,	Electric	Double	Layer,	Poisson-Nernst-Planck	
Equa)ons,	Navier-Stokes	Equa)ons,	Steric	effect
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NF membrane



Flow is  driven by pressure

Not	considering	free-slip	situa)on	
in	order	to	compare	with	1D	
DSPM-DE	model	later.



If driven by electric potential, will be electroosmotic flow (EOF.)



However, the sizes of ions are smaller than a nanopore. How 
does a nanopore sieve ions? The answer is by electrostatics 
(overlapping electric double layer).	



Mathematical model: PNP-
steric and Navier-Stokes 

equations in axisymmetric 
coordinate



Poisson-Nernst Planck equations with steric force terms 
(PNP-steric)
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Non-dimensionalization:
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Considering axisymmetric nanopore with binary electrolyte:
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Upstream/downstream boundary conditions at reservoirs:

Boundary conditions at wall:
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Symmetric boundary conditions at r=0  and rmax:
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Interface (between pore and reservoirs denoted as red lines) 
conditions:
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a	jump	in	concentra)on
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Navier-Stokes equations:
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Non-dimensionalization:
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Vorticity transport equation:
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Boundary conditions:
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Decoupling of PNP-Steric and Navier-Stokes equations:
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Numerical method

•  Mul)-block	Chebyshev	pseudopectral	method	together	with	the	method	of	
lines	(MOL)	to	solve	governing	equa)ons	with	the	associated	boundary/
interface	condi)ons	.		

•  Governing	equa)ons	are	first	semi-discre)zed	in	space	together	with	
boundary	condi)ons.		

•  The	resul)ng	equa)ons	are	a	set	of	coupled	ordinary	differen)al	algebraic	
equa)ons	(ODAEs).		

•  The	algebraic	equa)ons	come	from	the	Poisson	equa)on	and	those	
boundary/interface	condi)ons	which	are	all	)me-independent.		

•  This	ODAE	system	is	index	1,	which	can	be	solved	by	many	well-developed	
ODAE	solvers.	ode15s	in	MATLAB	is	a	variable-order-variable-step	index-1	
ODAE	solver,	that	can	adjust	the	)me-step	to	meet	the	specified	error	
tolerance,	and	integrate	with	)me	efficiently.	The	numerical	stability	in	
)me	is	automa)cally	assured	at	the	same	)me.		

•  The	spa)al	discre)za)on	is	performed	by	the	highly-accurate	Chebyshev	
pseudospectral	method	with	Chebyshev	Gauss-Lobafo	grid	and	its	
associated	colloca)on	deriva)ve	matrix.



Domain decomposition



Streamlines and velocity profiles:



How good is our model? It will be compared with 
the most popular 1D NF model: 
Donnan steric pore model with dielectric exclusion 
(DSPM-DE), which was developed by chemists.

Reference: A. A. Hussain, M. E. E. Abashar, and I. S. Al-
Mutaz, Influence of ion size on the prediction of 
nanofiltration membrane systems, Desalination, 214 (2007) 
150-166.



!! Interface!partition!coefficient:!ki = [steric]×[electrostatic!(Donnan)]×[solvation!(Born)]×…

Only computing extended Nernst-Planck equation inside pore with interface 
conditions related to concentrations and electric potential at reservoirs.
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Electro-neutrality at external solutions:

Electro-neutrality inside the pore:
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(a jump in electrical 
potential can be 
understood from EDL 
or Poisson equation)

(dehydration when ions 
entering pore, change of 
dielectric constant, 
solvation energy based on 
Born model)
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!!
Ri =1−

Ci(δ + )
Ci(0− ) (26)

(the wall of pore covered 
by one layer of oriented 
water molecules of 
thickness d and dielectric 
constant ε*)

(rejection coefficient)



Results: a case of NF

Input Parameters: 
•  [KCl]=0.011982M, pore radius r0=2nm, Uref=0.97850m/s, 
•  2 dielectric situations inside pore are considered: 
(1) εpore=80, λD=4nm, Γp=4,  
(2) εpore=60, λD=3.4641nm, Γp=3,  
•  Dimensionless surface charge density σ=-2 (equivalent to 
ζ=-17.945mV), only distributed inside pore surface. 

•  Dpore=0.25Dbulk (same input as in DSPM-DE). 
•  Input: a bunch of U0/Uref with various gpn,pore=gnp,pore  

(gnn,pore=gpp,pore =0, all gij,bulk=0). 
 
Output: salt rejection rate R=
   

ci(−∞)− ci(∞)
ci(−∞)

.



Comparison with DSPM-DE model

Generally, salt rejection increases with flow velocity (pressure).

U0/Uref



Steady-state whole domain distributions of (a) p, (b) n, (c) ϕ, (d) ρe, (e) 
distributions of p, n versus r at z=9 (center location of pore) and (f) distribution of 
p and n along axis (r=0). 

εpore=80, U0/Uref=0.003, gpn=0 (no steric effect).



Steady-state whole domain distributions of (a) p, (b) n, (c) ϕ, (d) ρe, (e) 
distributions of p, n versus r at z=9 (center location of pore) and (f) distribution of 
p and n along axis (r=0). 

εpore=80, U0/Uref=0.003, gpn=0.1907

weak	
jump



Steady-state whole domain distributions of (a) p, (b) n, (c) ϕ, (d) ρe, (e) 
distributions of p, n versus r at z=9 (center location of pore) and (f) distribution of 
p and n along axis (r=0). 

Εpore=60, U0/Uref=0.003, gpn=0.9

strong	
jump:	
dielectric	
exclusion



Conclusions

•  Convection breaks symmetry and causes salt rejection when 
passing a charged nanopore. 

•  In NF, current NS-PNP-steric model agrees very well with 
DSPM-DE for εpore=80 (no dielectric exclusion), and OK at 
εpore=60 (having dielectric exclusion). 

•  Besides strong convection under overlapping double layers, high 
salt rejection is chiefly due to strong dielectric exclusion (large 
solvation energy difference between pore and reservoirs). 

•  With the difference of steric and solvation energies between 
reservoir and pore, jump condition on ionic concentrations at 
interface would happen, which can be derived from continuity of 
flux. The form turns out to be close to partition factors under 
Boltzmann distribution. 









Conclusions and future works

•  Convection breaks symmetry and causes salt rejection when passing a 
charged nanopore. 

•  In NF, NS-PNP-steric model agrees very well with DSPM-DE for 
εp=80 (no dielectric exclusion), and well at εp=60 (having dielectric 
exclusion). 

•  High salt rejection in DSPM-DE is chiefly due to strong dielectric 
exclusion (solvation energy barrier modeled by Born model here). 

•  With solvation energy, added into energy of present model, jump 
condition on ionic concentrations at interfaces happens and has been 
derived from continuity of flux.  

•  Large gpn with bi-Laplacian diffusion (single-file diffusion) will be 
applied when the pore size is further reduced (more significant finite-
size effect). [Q. Chen, J. D. Moore, Y.-C. Liu, T. J. Roussel, Q. Wang, T. Wu, and 
K. E. Gubbins, 2010, Transition from single-file to Fickian diffusion for binary 
mixture in single-walled carbon nanotubes, J. Chem. Phys., 113, 094501] 



Over-screening will not happen in 2:1 electrolyte without large gpn here. 

Importance of large gpn with bi-
Laplacian diffusion, eg. charged wall 
problem (EDL): result compared with 
Boda et al. (2002)  (a MC simulation)	















1D Mathematical model: Donnan 
steric pore model with dielectric 

exclusion (DSPM-DE)











Electric	double	layer	(EDL)



Geometric configuration: a single nanopore
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後勁溪花37億除污 被日月光毀了…



Results

KCl=0.749mM,	λb=16nm,	Γ=1,	r0=16nm,	Uref=0.1223m/s,	
σ=2	(ζ=34.07mV).	
Diffusion	coefficient	in	pore	reduced	to	0.75xbulk	value.	

Steady-state whole domain distributions of (a) p, 
(b) n, (c) ϕ, (d) ρe, (e) distributions of p, n versus r 
at z=7 (center location of pore) and (f) distribution 
of p and n along axis (r=0) with dash lines being 
the case being the case of U0=0.001. 
 
Salt rejection rate R=

  

ci(−∞)− ci(∞)
ci(−∞)

.



Effect of σ: distribution of p and n along axis (r=0) 



Abstract

Nanofiltration (NF) using membranes with numerous nanopores has gained its 
popularity in water treatment like desalination. Overlapped electric double layer (EDL) 
in charged nanopores makes the membrane to be ion selective and reach high rejection 
rate for salts when driving electrolyte through nanopores by pressure. It has its 
advantage over reverse osmosis (RO) with smaller pressure exerted and larger water 
throughput. Here a charged nanopore model is used to describe the physics and 
geometry of NF. Since the salt rejection process involves convection, diffusion and 
electro-migration of ions, joint of Poisson-Nernst-Planck (PNP) and Navier-Stokes 
(NS) equations is employed to study this problem. Steric effect would be significant 
inside nanopores, and a modified model of PNP with steric effect considered is actually 
used here. The computational results will be compared with traditional 1D model such 
as DSPM-DE (Donnan Steric Pore Model-Dielectric Exclusion), and the mechanism of 
salt rejection will be discussed. We hope we can gain as much physical insights as 
possible from such a model of simple geometry, and apply to much complicated 
charged nanopores like ion channel on cell membrane in the future. 
 
Keywords of the presentation: Desalination, nanofiltration, electric double layer, 
Poisson-Nernst-Planck equations, Navier-Stokes equations, steric effect.



DSPM-DE at U0=0.003  



Convection effect



Results: a case of UF

Parameters: 
[KCl]=7.4885e-4M, r0=16nm, Uref=0.12231m/s, 
εp=80, λb=16nm, Γp=1.  
Surface charge density σ=-2 (ζ=-34.069mV), distributed 
inside pore and membrane surface. 
Diffusion coefficient in pore same as bulk value. 
 
Input: a bunch of U0’s with various gpn=gnp  (gpn=gnp =0). 
 
Output: salt rejection rate R=
   

ci(−∞)− ci(∞)
ci(−∞)

.



Distribution of p and n along axis (r=0), 
no steric: all gij=0; steric: gpp=gnn=0. gpn=gnp=0.5



Steady-state whole domain distributions of (a) p, (b) n, (c) ϕ, (d) ρe, (e) 
distributions of p, n versus r at z=9 (center location of pore) and (f) distribution of 
p and n along axis (r=0) with dash lines being the case being the case of U0=0.001. 

U0=0.02, gpn=0.



Steady-state whole domain distributions of (a) p, (b) n, (c) ϕ, (d) ρe, (e) 
distributions of p, n versus r at z=9 (center location of pore) and (f) distribution of 
p and n along axis (r=0) with dash lines being the case being the case of U0=0.001. 

U0=0.1, gpn=0.



U0=0.02, gpn=0.5

Steady-state whole domain distributions of (a) p, (b) n, (c) ϕ, (d) ρe, (e) 
distributions of p, n versus r at z=9 (center location of pore) and (f) distribution of 
p and n along axis (r=0) with dash lines being the case being the case of U0=0.001. 



U0=0.1, gpn=0.5

Steady-state whole domain distributions of (a) p, (b) n, (c) ϕ, (d) ρe, (e) 
distributions of p, n versus r at z=9 (center location of pore) and (f) distribution of 
p and n along axis (r=0) with dash lines being the case being the case of U0=0.001. 



UF case, no steric: all gij=0; steric: gpp=gnn=0, gpn=gnp=0.5.
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Results: a case of NF

Parameters: 
[KCl]=0.011982M, r0=2nm, Uref=0.97850m/s, 
4 dielectric situations inside pore are considered: 
(1) εp=80, λb=4nm, Γp=4,  
(2) εp=40, λb=2.8284nm, Γp=2,  
(3) εp=20, λb=2nm, Γp=1,  
(4) εp=10, λb=1.4142nm, Γp=0.5,  
Surface charge density σ=-2 (ζ=-17.945mV), only 
distributed inside pore. 
Diffusion coefficient in pore reduced to 0.25 bulk value 
(from DSPM-DE). 
Input: a bunch of U0’s with various gpn=gnp  (gnn=gpp =0). 
 
Output: salt rejection rate R=
   

ci(−∞)− ci(∞)
ci(−∞)

.



•  From the point of view of continuum model, ion channel is actually a 
charged nanopore immersed in electrolyte with complicated geometry 
(structure) and solvated environment.	

•  Model is also complicated (steric effect, solvation situation, …). Charge 
distribution is complicated. 3D Computation is difficult.	

•  Have we fully understood the physical mechanism of a simple charged 
nanopore? If not (at least for myself), let us study a simple cylindrical 
nanopore  with  uniform  surface  charge  density  first.  Avoid  complex 
geometry and charge distribution, and focus on effectiveness of model.	

•  Easier to conduct experiments to check model.	
•  Charged nanopore nowadays has important applications: desalination, 

supercapacitor  (quick current  for  TESLA motor),  DNA translocation, 
electro-kinetic battery …	


